This paper presents an analytical solution for vibration and buckling of functionally graded (FG) sandwich beams using various quasi-3D theories, which consider effects of both shear and normal deformation. Sandwich beams with FG skins-homogeneous core and homogeneous skins-FG core are considered. By using the Hamilton's principle, governing equations of motion are derived. An analytical solution is presented, and the obtained results by various quasi-3D theories are compared with each other and with the available solutions in the literature. The effects of normal strain, power-law indexes, skin-core-skin thickness and slenderness ratios on vibration and buckling behaviour of sandwich beams are investigated.
Introduction
Sandwich structures have been widely used in automotive, marine and aerospace industries where strong, stiff, and lightweight structures are required. Conventional sandwich structures, composed of a soft core bonded to two thin and stiff skins, exhibit delamination problems at the interfaces between layers. To overcome this problem, functionally graded (FG) sandwich structures are proposed due to the gradual variation of material properties through their thickness. They commonly exist in two types: FG skins-homogeneous core and homogeneous skins-FG core. With the wide application of sandwich structures, understanding their vibration and buckling response using more accurate theories becomes an important task. Due to shear deformation effects, the first-order shear deformation theory and higher-order shear deformation theories are usually used in FG sandwich plates. First-order shear deformation theory [1] [2] assumes the constant shear strain distribution through the thickness and, thus, needs a shear correction factor in order to satisfy the stress-free boundary conditions on the top and bottom surfaces of the plate. To avoid the use of a shear correction factor, various higher-order shear deformation theories have been proposed. [3] [4] [5] [6] [7] [8] [9] [10] [11] In these theories above, the transverse displacement is considered to be independent of thickness coordinates, which means that the effect of thickness stretching or normal deformation is neglected. This effect in FG plates was investigated by Carrera et al. [12] using finite-element approximations. The various higher-order shear and normal deformable theories, which are also called quasi-3D theories, were proposed to analyse FG sandwich plates by many researchers. [13] [14] [15] [16] [17] [18] [19] However, there are limited papers using these theories for FG sandwich beams. Carrera et al. [20] developed the Carrera Unified Formulation, which included the stretching effect, using various refined theories for FG beams. This formulation was later on extended for the free vibration of FG sandwich beams. [21] Based on the third-order beam theory (TBT), Vo et al. [22] developed a simple quasi-3D theory for vibration and buckling of FG sandwich beams using a finite-element model.
In this paper, various higher-order shear and normal deformation theories are developed for the vibration and buckling analysis of FG sandwich beams. The effects of shear and normal deformation are included. Analytical solution is obtained for simply supported sandwich beams. Numerical studies are carried out and the obtained results by various quasi-3D theories, which are based on the sinusoidal beam theory (SBT), hyperbolic beam theory (HBT), and exponential beam theory (EBT), are compared with each other and with the available solutions in the literature. The effects of normal strain, power-law indexes, skin-core-skin thickness and slenderness ratios on vibration and buckling behaviour of sandwich beams are investigated.
FG sandwich beams
Consider a FG sandwich beam with length L and rectangular cross-section b Â h, with b being the width and h being the height. It should be noted that FG materials considered here work in elevated or lowered temperature conditions. In addition, changes of material properties caused by temperature and thermal expansions are neglected. For simplicity, Poisson's ratio , is assumed to be constant. The effective material properties, such as Young's modulus E and mass density , are assumed to vary continuously through the beam depth by a power-law distribution [23] given as
where subscripts m and c represent the metallic and ceramic constituents, V c is the volume fraction of the ceramic phase of the beam. Two different types of FG sandwich beam are studied.
Constitutive equations
The constitutive relations of a FG sandwich beam can be written as 
where
3 Theoretical formulation
Kinematics
The present theory is based on the following displacement field:
Uðx, z, tÞ ¼ uðx, tÞ À zw where u, w b , w s and w z are four unknown displacements of mid-plane of the beam. Shape functions f(z) and gðzÞ ¼ 1 À df ðzÞ dz are used to determine the distribution of the strain through the beam depth. They are chosen to satisfy the stress-free boundary conditions on the top and bottom surfaces of the beam, thus a shear correction factor is not required. Although many shape functions are available, only the SBT based on Touratier, [24] HBT based on Soldatos [25] and EBT based on Karama et al. [26] are considered in this study:
The strains associated with the displacement field in equation (6) are as follows:
Variational formulation
The variation of the strain energy can be stated as
x , Q xz and R z are the stress resultants, defined as
The variation of the potential energy by the axial force P 0 can be written as
The variation of the kinetic energy can be expressed as:
By using Hamilton's principle, the following weak statement is obtained:
Governing equations
Integrating equation (14) by parts and collecting the coefficients of u, w b , w s and w z , the governing equations of motion can be obtained:
:
Substituting equations (4) and (8) into equation (10) , the stress resultants can be expressed in term of displacements:
A s 
By substituting equation (16) into equation (15), the explicit form of the governing equations of motion can be expressed:
Analytical solutions
The Navier solution procedure is used to determine the analytical solutions for a simply-supported sandwich beam. The solution is assumed to be of the form:
where ¼ n/L and U n , W bn , W sn and W zn are the coefficients.
By substituting equation (19) into equation (18), the analytical solution can be obtained from the following equations: 
5 Numerical examples 
3 ) with two slenderness ratios, L/h ¼ 5 and 20, are considered. The following dimensionless natural frequencies and critical buckling loads are used:
Tables 1-8 show the fundamental natural frequencies and critical buckling loads of types A and B for different values of power-law index, slenderness and skincore-skin thickness ratio. The results are compared with those obtained from zero Table 7 . The critical buckling loads P cr of FG sandwich beams (Type B, L/h ¼ 5). normal strain models, which are based on TBT, [27] higher-order beam theory (HOBT) [28] and from non-zero normal strain model, which is based on TBT.
[22] It can be observed from these tables that the present results agree very well with the previous solutions for both zero normal strain and non-zero normal strain cases. It is worthy of note that the inclusion of the normal strain results in an configuration at large k values. For all configurations, it can be seen that the natural frequencies and critical buckling loads decrease in a rapid manner with an increase in k. For type A, the decrease is much more significant in the (2-1-2) configuration and least significant in the (1-8-1) configuration (Figures 2(a) and  3(a) ). However, for type B, the variation is generally less pronounced and the maximum variation is recorded in the (1-8-1) configuration (Figures 2(b) and  3(b) ). For all cases, the highest fundamental frequency and critical buckling load value is obtained when k ¼ 0, i.e. the beam is fully ceramic for type A or the beam Table 9 . The first three natural frequencies of (1-8-1) FG sandwich beams of Type A. has the highest portion of ceramic phase compared with others for type B. This behaviour is somewhat expected since an increase in the power-law index value results in decrease in the elastic modulus. The beam therefore becomes more flexible; buckles at much lower load, and the fundamental frequency decreases. Figures 3 and 4 show the effect of shear deformation on the fundamental frequencies and critical buckling loads for varying L/h values. It can be seen that increase in L/h results in an increase in the fundamental frequencies and critical buckling loads for both types. However, it should be noted that although similar behaviour was obtained for both types A and B, the variation of frequency and critical buckling load values between different beam configurations is more pronounced in type A than type B. Finally, the first three natural fundamental frequencies of (1-8-1) sandwich beams of types A and B are presented in Tables 9 and 10 while Figure 6 shows the corresponding mode shapes. It can be seen again that all shear deformation beam theories give the same frequencies. For symmetric configuration (1-8-1, type A), all vibration mode shapes show triply coupled mode (axial-shear-flexural), however, for unsymmetric one (1-8-1, type B) , fourfold coupled modes (axial-shear-flexural-stretching) are observed. These fourfold modes highlight the effect of normal strain on the vibration and buckling of sandwich beams. 
